We re-investigate the holographic superconductor in hyperscaling violation geometry by considering the coupling between the probed Maxwell field and the background dilaton. We find that the phenomenon of superconductivity still exists, but with properties affected by such a coupling. The critical temperature decreases as the hyperscaling violation exponent is increased. The influence of the dynamical exponent on the critical temperature becomes complicated which depends on the mass of the probed scalar field and the hyperscaling violation exponent. The results of the frequency gap show a large deviation from the expected universal relation.
black hole, under a charged scalar field perturbation, tends to develop a scalar hair [4] [5] [6] . This socalled holographic superconductor model can indeed reproduce some properties of superconductor by doing calculations in the AdS black hole which is dual to relativistic CFT at finite temperature.
Various holographic superconductor models have been developed, for reviews, see Refs. [7] [8] [9] [10] .
Generally, systems near critical points exhibit a scaling symmetry and can be described by a CFT. However, many realistic condensed matter systems near critical points, although exhibiting a scaling symmetry, have different scalings in the spatial and time directions [7] . A prototype example of such critical points is a Lifshitz fixed point, where the degree of anisotropy between the spatial and time directions is parameterized by a dynamical exponent z. To describe such a Lifshitz fixed point in AdS/CFT, a non-relativistic version of this duality has been developed, where the bulk is a Lifshitz-like geometry rather than an asymptotically AdS geometry [11] . Many efforts have been devoted to construct holographic superconductors in these geometries [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , and it is found that holographic superconductivity still exists. Many new features appear in these holographic superconductors. The effect of the dynamical exponent is explored [21] , and it is found that, for fixed conformal dimension of the scalar operator, the critical temperature decreases as the dynamical exponent increases. The ratio of the gap frequency to the critical temperature is found to be a little larger than the one in the relativistic case [14] .
Recently, the Lifshitz-like geometries are extended to even more sophisticated geometries, the so-called hyperscaling violating geometries [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , which on top of anisotropic scaling, have also an overall hyperscaling factor under the scaling parameterized by the hyperscaling violation exponent θ. That means the metric is no longer invariant under the scaling but covariant. The neutral hyperscaling violating geometries can be constructed starting from a Einstein-Maxwell-dilaton action [31, 32, 35] , where a U (1) gauge field is coupled with a dilaton and responsible for generating the hyperscaling violation. Their charged cousins have also been constructed by adding into the action another U (1) gauge field [36] , which is also required to couple with the dilaton to generate charged solutions. This kind of geometry has received considerable attention due to its potential applications in condensed matter physics [39] [40] [41] [42] [43] [44] [45] [46] . An interesting feature of this kind of geometry appears when the hyperscaling violation exponent assumes the special value θ = d − 1, when the holographic entanglement entropy exhibits logarithmic violation of the usual area law [31] , indicating that this kind of geometry can provide a gravitational dual for the theory with a Fermi surface.
Holographic superconductors are also investigated in neutral black brane with hyperscaling violation to explore the effect of the hyperscaling violation exponent. In Refs. [41, 45] , it is found that the increase of the hyperscaling violation makes the condensation of the scalar operator harder for small θ but easier for large θ. Moreover, the higher hyperscaling violation changes the usual relation in the gap frequency. In this holographic superconductor model, the probed Maxwell field is not coupled with the background dilaton. However, from the above statement, we know that this coupling is necessary to generate a charged hyperscaling violating black brane [36] . So it is natural to see if there is still superconductivity when such a coupling is taken into account. This is the main task of our present work. We will see that the superconductivity still exists but with features modified by such a coupling.
The work is organized as follows. In Sec. II, we will briefly review the black brane background with hyperscaling violation. By applying both numerical and Sturm-Liouville (S-L) analytical methods, we will explore the effect of the hyperscaling violation exponent on the normal/superconducting phase transition. In Sec. III, we discuss the conductivity and the influence of the hyperscaling violation. The last section is devoted to a summary and to conclusions.
II. BLACK HOLE SOLUTION WITH HYPERSCALING VIOLATION
The black brane solution with hyperscaling violation can be obtained from the following Einstein-Maxwell-dilaton action [32, 36] 
where the scalar potential takes the form
with V 0 a constant. The gauge field F µν ≡ ∂ µ A ν − ∂ ν A µ is responsible for generating hyperscaling violation. By solving the equations of motion derived from the above action, we have the following black brane solution with hyperscaling violation,
where θ is the hyperscaling violation exponent [47] , z is the dynamical exponent and r H is the event horizon. The other parameters are given by the following relations
This geometry has the following scaling behavior,
with a real positive number α. It is interesting to note that the line element is not invariant under the scaling but covariant with the hyperscaling violation exponent θ.
For convenience, in the following discussion, we introduce a dimensionless radial coordinate u ≡ r H /r and rewrite the metric and the dilaton as
with f (u) = 1 − u ∆ and ∆ ≡ d + z − θ. With this coordinate, u = 1 corresponds to the horizon and u = 0 to the boundary at infinity. The Hawking temperature of the black hole is
which is interpreted as the temperature of the dual field theory. The hyperscaling violation exponent θ is constrained as [32] 
We will fix d = 2 in the following sections, this means that the dual field theory is (2 + 1)-dimensional.
III. HOLOGRAPHIC SUPERCONDUCTOR WITH PROBED MAXWELL FIELD COUPLED WITH DILATON
To study the holographic superconductor with hyperscaling violation in the probe limit, we consider the Maxwell-scalar action
In contrast to refs. [41, 45] , here we consider the probed Maxwell field
coupled with the background dilaton. The coupling constant is λ 2 =
. The motivation of considering such a coupling comes from the charged black brane solution with hyperscaling violation [36] , where such a coupling is required to generate an analytical solution. The existence of this coupling has a large influence on the condensation, as we will see in the following. It should be noted that the gauge field in Eq. (1) is simply used to generate the hyperscaling violation and remains unbroken throughout this work. e is the charge the scalar field carries and we set it to unity without loss of generality.
The equations of motion are
Taking the usual ansatz ψ = ψ(u) and A = φ(u)dt, the equations of motion can be rewritten as
Regularity at the horizon (u = 1) demands the boundary conditions
At the infinite boundary (u → 0), the solutions have the asymptotic behavior
According to the recipe of the gauge/gravity duality, ∆ + is the conformal dimension of the scalar operator O = ψ + which is dual to the bulk scalar field. µ and ρ are interpreted as the chemical potential and charge density in the dual field theory respectively. We will focus on the condensation of the operator O and set the source ψ − = 0, as done in Refs. [41, 45] .
A. Numerical investigation
In this section, we will solve Eqs. (11) and (12) numerically with shooting method. Before presenting our results, it is useful to note that the equations of motion have the scaling symmetry
Choosing various dynamical exponent z and hyperscaling violation exponent θ, we solve Eqs. (11) and (12) numerically with the boundary conditions Eqs. (14) and (15), from which we can read off the value of ψ + which gives the condensation O . In 
which is typical of second order phase transition with the mean-field exponent 1/2. We will confirm this result by using analytical method later. Our results show that there should still exist superconductivity when we consider the coupling between the probed Maxwell field and the background dilaton.
To see the influence of the dynamical exponent z and the hyperscaling violation exponent θ on the condensation, we calculate the critical temperature for various values of z and θ. In Fig. 2 , we show some of the results. We can see that, for fixed z and the mass of the scalar field, when we increase the hyperscaling violation exponent θ, the critical temperature decreases. This result is completely different from the case without the coupling between the Maxwell field and the backgound dilaton, where, as θ increases, the critical temperature first decreases and then increases [45] .
We can also see that, for fixed θ and the mass of the scalar field, the critical temperature is not always a monotonic function of the dynamical exponent z, the situation depends both on 
B. Analytical investigation
In this section, we use the S-L analytical method [48] to analyze the critical temperature and critical phenomena, and then to confirm our numerical results derived above.
At the critical temperature T = T c , there is no condensation ψ = 0, thus the equation of motion of φ (12) reduces to
With the boundary condition (13), we obtain the solution
where r Hc denotes the horizon radius at the critical point.
With the boundary condition (14) we assume ψ takes the form
where the trial function F (u) satisfies the boundary conditions F (0) = 1 and F ′ (0) = 0. Then the equation of motion for ψ, Eq. (11), can be written in the form
with
This takes the standard form of the Sturm-Liouville equation [49] and the minimal eigenvalue of λ can be estimated by minimizing the expression
After getting λ min we can calculate the critical temperature as
The trial function F (u) can be chosen as a polynomial function satisfying the boundary conditions, for example we can choose with a constant a to be determined by minimizing the expression. Also, we can choose F (u)
to contain higher order terms as done in Ref. [45] . But in our case, second order is enough to re-produce the numerical results.
In Fig. 3 , we show the relation between the critical temperature and the hyperscaling violation exponent θ derived from the S-L method. We also show the numerical results here derived above to make a comparison. From the figure, we can see that, for the cases we considered, the results derived from the S-L method match very well with the numerical results.
Next let us analyze the critical phenomena near the critical temperature. As the condensation O is very small at this moment, we can expand φ(u) in O as
where we have introduced A ≡ r −2(∆ + +z−1) H O 2 and χ(u) satisfies the boundary conditions χ(1) = 0 and χ ′ (1) = 0 [48] . Then the φ-equation (12) becomes
Doing one step of integration on both sides, we get
From the above expression, we know that χ ′ (u) ∼ u ∆−3 as u → 0.
On the other hand, near the critical temperature φ(u) ≈ µ(1 − u ∆−2 ). Thus at the infinite boundary u → 0, we have
By equating the u ∆−2 term of both sides, we get
leading to
The critical exponent assumes the mean-field value 1 2 . This confirms our previous result (17) .
IV. CONDUCTIVITY
To compute the conductivity, we consider a perturbed Maxwell field in x-direction taking the
Near the horizon u → 1, we take the ingoing boundary condition
and at infinite boundary (u → 0) the behavior is
It should be noted that a logarithmic term will appear in the asymptotic form of A x when z − θ = 2 for d = 2. Then the conductivity of the dual superconductor, after suitable renormalization, can be calculated as [5, 6, 50] 
which transforms as σ → α z−∆x σ under scaling.
In Fig. 4 , we plot the frequency dependent conductivity of the holographic superconductor at temperature T /T c ≈ 0.15. From the figure, we can see that the there is a pole in the imaginary From the figure, as in Refs. [41, 45] , we also find a gap in the superconductivity which is parameterized by the gap frequency ω g . Defining ω g by the minimum of |σ| [51] , we observe that for fixed z the frequency gap ω g increases as we increase θ. This behavior is the same as in the case without the Maxwell-dilaton coupling [45] . By comparing results for different z and fixed θ, we can see that the gap ω g decreases as we increase z. Moreover, compared to Ref. [45] , when taking into account the Maxwell-dilaton coupling, the frequency gap shows an even larger deviation from the relation ω g /T c ≈ 8 [51] , especially when θ is very small or very large.
V. SUMMARY AND CONCLUSIONS
In this work, we discussed the holographic superconductor in a hyperscaling violating black brane. Different from previous work [41, 45] , the probed Maxwell field we considered is coupled with the background dilaton. The motivation for considering such a coupling comes from charged black brane solution with hyperscaling violation [36] , where such a coupling is necessary to generate an analytical solution. We find that when such a coupling is involved, features of the superconductor are changed. As we increase the hyperscaling violation exponent θ, the critical temperature decreases, which means larger hyperscaling violation makes condensation of the dual scalar operator harder. This result is completely different from the one in case without such coupling, where the increase of the hyperscaling violation exponent makes the condensation harder for small θ but easier for large θ. The influence of the dynamical exponent z on the condensation is more complicated, depending on the mass of the scalar field m and the hyperscaling violation exponent θ. Our results show that when m 2 r −2θ/d H = 0, the critical temperature increases as z increases, even for θ = 0. However, when we decrease the mass of the scalar field, the relation between T c and z is no longer so simple. There exists a point θ = θ c where T c for different z coincides. For 0 ≤ θ < θ c , T c decreases as z increases; however, for θ > θ c , we have the opposite behavior. The critical behavior is also discussed and it is interesting to see that the critical exponent of the condensation still takes a mean-field value 1/2. We confirm our numerical results by applying the analytical S-L method.
This coupling also affects the conductivity. When θ is very small, our results show that the imaginary part of the conductivity does not tend to be a constant but diverges linearly. The physical meaning of this exotic phenomenon is not clear at present and needs further explanations. There still exists a gap frequency but the expected universal relation ω g /T c ≈ 8 is changed, especially for very small or very large hyperscaling violation exponent.
The results coming out from the two holographic superconductor models, with and without the Maxwell-dilaton coupling, are so different, that they may be used to distinguish the two models.
Here we only discuss s-wave holographic superconductor. It is interesting to see if such differences caused by this coupling still exist in p-wave and d-wave cases, and in insulator/superconductor phase transition. We leave it for further investigations.
